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Abstract 

Given a graph G, a subset M of V(G) is a module of G if for each 
v e V(G) \ M, v is adjacent to all the elements of M or to none of them. 
For instance, V(G), and {v} (v s V(G)) are modules of G called trivial. 
Given a graph G, m(G) denotes the largest integer m such that there is 
a module M of G which is a clique or a stable set in G with \M\ = m. 
A graph G is prime if |V(G") > 4 and if all its modules are trivial. The 
prime bound of G is the smallest integer p{G) such that there is a prime 
graph H with V(H) 3 V(G), H[V(G)] = G and \V(H) \ V(G)\ = p(G). 
We establish the following. For every graph G such that m(G) > 2 and 
log 2 (m(G)) is not an integer, p(G) = [log 2 (m(G))]. Then, we prove that 
for every graph G such that m(G) = 2 fe where k > 1, p(G) = k or k + 1. 
Moreover p(G) = k + 1 if and only if G or its complement admits 2 h isolated 
vertices. Lastly, we show that p(G) = 1 for every non-prime graph G such 
that \V(G)\ > 4 and m(G) = 1. 

Mathematics Subject Classifications (1991): 05C70, 05C69 

Key words: Module; prime graph; prime extension; prime bound; modular 
clique number; modular stability number 

1 Introduction 

A graph G = (V(G),E(G)) is constituted by a vertex set V(G) and an edge 
set E(G) c ( V( 2 G) ). Given a set S, K s = (^(f)) is the complete graph on 5" 
whereas (S, 0) is the empty graph. Let G be a graph. With each W £ V(G) 
associate the subgraph G[W] = (W, (^) n E{G)) of G induced by W. A graph 
H is an extension of G if V(H) 3 V(G) and H[V(G)] = G. Given p > 0, a 
p-extension of G is an extension H of G such that |^(£f) \ V^(G)| = p. The 
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complement of G is the graph G = (V(G), ( y( 2 G) ) s E{G)). A subset W of V(G) 
is a clique (respectively a stable set) in G if G[W] is complete (respectively 
empty). The largest cardinality of a clique (respectively a stable set) in G is 
the clique number (respectively the stability number) of G, denoted by w(G) 
(respectively a(G)). Given v e V(G), the neighbourhood Nq(v) of u in G is 
the family {w e V(G) : {v,w} € £(G)}. Its decree is d G («) = \N G (v)\. We will 
consider Ag as a function from V^(G) in 2 V ^ G \ A vertex w of G is isolated if 
Ng(v) = 0. The family of isolated vertices of G is denoted by Iso(G). 
We use the following notation. Let G be a graph. For v * w e V(G), 



Given £ V(G), v e y(G) \ W and i e {0, 1}, {v 1 W) G = i means (v, w) G = i 
for every w e W. Given W,W £ V(G), with n W = 0, and i e {0,1}, 
(W, W')g = * means (w,W')g = i for every w e W. Given W £ V{G) and 
v e V(G) \ W, w ~g W means that there is i € {0, 1} such that («, VF)g = i. The 
negation is denoted by v /g W< 

Given a graph G, a subset M of V(G) is a module of G if for each w e 
y(G) \ M, we have u ~ G M. For instance, 7(G), and {u} (w € V(G)) are 
modules of G called trivial. Clearly, if |V(G)| < 2, then all the modules of G are 
trivial. On the other hand, if |V(G)| = 3, then G admits a non-trivial module. A 
graph G is then said to be prime if |V^(G)| > 4 and if all its modules are trivial. 
For instance, given n > 4, the path ({1, . . . , n}, {{p, q} '■ \p - q\ = 1}) is prime. 
Given a graph G, G and G share the same modules. Thus G is prime if and 
only if G is. 

Let S be a set with ]5| > 2. Given p > 1, consider a p-extension G of Xg. If 
|«S| > 2 P , then G is not prime. Indeed, for each s e 5, we have Nq(s) £ V(G) s «S 
because 5 is a stable set in G. So if |5| > 2 P , then (N G ) ts : S —> 2 V ^ S is 
not injective. Thus {s,t} is a non-trivial module of G for s + t e S such that 
N G (s) = N G (t). Furthermore, if (N G ) IS : S — ► 2 y(G)s5 is injective and if 
|5| = 2 P , then there is s e S such that N G (s) = 0. Therefore s € Iso(G) and 
V(G) \ {s} is a non-trivial module of G. On the other hand, the following is well 
known and is easily verified (see Sumner [17, Theorem 2.45] and also Corollary [4] 
below). Given a set S with |5| > 2, K$ admits a prime [log 2 (|5| + l)]-extension. 
This is extended to any graph by Brignall [21 Theorem 3.7] as follows. 

Theorem 1. A graph G, with \V(G)\ > 2, admits a prime extension H 



Following Theorem [TJ we introduce the notion of prime bound. Let G be a 
graph. The prime bound of G is the smallest integer p(G) such that G admits 
a prime p(G)-extension. Obviously p(G) = when G is prime. 

A prime extension H of G is minimal [TH [9l [TH [1] [10] if for every W S 
V(H) such that /f[W] is prime, if[W] does not admit an induced subgraph 
isomorphic to G. Given a graph G, a prime p(G)-extension of G is clearly 




such that \V(H) \ V(G)\ < [log 2 (|V(G)| + 1)]. 
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minimal. By Theorem[TJ p(G) < \\og 2 (\V(G)\ + 1)]. Observe also that p{G) = 
p(G) for every graph G. By considering the clique number and the stability 
number, Brignall [2J Conjecture 3.8] conjectured the following. 

Conjecture 1. For each graph G with \V(G)\ > 2, 

p(G)<[log 2 (max( W (G), a (G)) + l)l. 

We answer the conjecture positively by refining the notions of clique number 
and of stability number as follows. Given a graph G, the modular clique number 
of G is the largest integer ljm(G) such that there is a module M of G which is a 
clique in G with \M\ = wm(G). The modular stability number of G is o:m(G) = 
wm(G). Obviously ujm{G) < w(G) and ajvf(G) < a(G). For convenience, set 

m(G) = max(aM(G), wm(G)). 

We establish 

Theorem 2. For every graph G such that m(G) > 2, 

[log 2 (m(G))l < P (G) < flog 2 (m(G) + 1)1. 

On the one hand, it follows that p(G) = [log 2 (m(G))] for a graph G such 
that m(G) > 2 and log 2 (m(G)) is not an integer. On the other, if log 2 (m(G)) 
is a positive integer, that is, m(G) = 2 k where k > 1, then p(G) = k or k + 1. We 
prove 

Theorem 3. For every graph G such that m(G) = 2 k where k>l, 
p(G) = k + l if and only if |Iso(G)| = 2 k or |Iso(G)| = 2 k . 

Lastly, we show that p(G) = 1 for every non-prime graph G such that 
\V(G)\ > 4 and m(G) = 1 (see Proposition [7]). 

The case of directed graphs is quite different. Recall that a tournament T = 
(V(T),A(T)) is a directed graph such that \{(v,w), (w,v)} n A(T)\ = 1 for any 
v * w e V(T). For instance, the 3-cycle G 3 = ({1,2, 3}, {(1, 2), (2, 3), (3, 1)}) is a 
tournament. A tournament T is transitive provided that for any u,v,w e V(T), 
if (u,v),(v,w) e A(T), then (u,w) e A(T). Given a tournament T, a subset 
/ of V(T) is an interval |T6l [IT] (or a cZan [5]) of T if for any x,y e I and 
u e V(T) \ /, we have: (x,v) e A(T) if and only if (y,v) 6 A(T). Once again, 
V(T), and {z;} (v e V(T)) are intervals of T called trivial. For instance, all 
the intervals of G3 are trivial. On the other hand, a transitive tournament with 
at least 3 vertices admits a non-trivial interval. A tournament with at least 3 
vertices is indecomposable [TBI EI] ( or simple [BUZIES]) if all its intervals are 
trivial. The indecomposable bound of a tournament T is defined as the prime 
bound of a graph. It is still denoted by p(T). 

Theorem 4 ( [S H [13] ) . For a tournament T with \V(T)\ > 3, 

P(T)<2. 

Moreover p(T) = 2 if and only if T is transitive and \V(T)\ is odd. 
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2 Preliminaries 



We begin with the well known properties of the modules of a graph (for example, 
see Lemma 3.4, Theorem 3.2, Lemma 3.9]). 

Proposition 1. Let G be a graph. 

1. Given W £ V(G), if M is a module of G, then M n W is a module of 
G[W]. 

2. Given a module M of G, if N is a module of G[M], then N is a module 
ofG. 

3. If M and N are modules of G, then M n N is a module of G. 

4- If M and N are modules of G such that M n N + 0, then M U N is a 
module of G. 

5. If M and N are modules of G such that M \ N ± 0, then N \ M is a 
module of G. 

6. If M and N are modules of G such that MnN = 0, then there is i e {0, 1} 
such that (M,N) G = i. 

Given a graph G, a partition P of V(G) is a modular partition of P if each 
element of P is a module of G. Let P be such a partition. Given M + N e P, 
there is i e {0, 1} such that (M,N)c = i by the last assertion of Proposition [TJ 
This justifies the following definition. The quotient of G by P is the graph G/P 
defined on V(G/P) = P by (M,N) G/P = (M,N) G for M + N e P. We use 
the following properties of the quotient (for example, see Theorems 4.1-4.3, 
Lemma 4.1]). 

Proposition 2. Given a graph G, consider a modular partition P of G. 

1. Given W £ V{G), if\WnX\ = 1 for each X e P, then G[W] and G/P are 
isomorphic. 

2. For any module M of G, {X e P : M n X + 0) is a module of G/P. 

3. For any module Q of G/P, the union uQ of the elements of Q is a module 
ofG. ' 

Given a graph G, with each non-empty module M of G, associate the modu- 
lar partition Pm = {-^} u {{^} : v € V(G)\M}. Given m e M, the corresponding 
quotient G/Pm is isomorphic to G[(V(G) \ M) u {m}] by the first assertion of 
Proposition^ To associate a unique quotient with any graph and to charac- 
terize the corresponding quotient, the following strengthening of the notion of 
module is introduced. Given a graph G, a module M of G is said to be strong 
provided that for every module N of G, we have: if M n N + 0, then M £ N or 
N £ M. We recall the following well known properties of the strong modules of 
a graph (for example, see [H Theorem 3.3]). 
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Proposition 3. Let G be a graph. 



1. V{G), and {v}, v e V, are strong modules of G. 

2. For a strong module M of G and for N £ M, N is a strong module of G 
if and only if N is a strong module of G[M]. 

With each graph G, we associate the family 11(G) of the maximal strong 
modules of G under inclusion among the proper and non-empty strong modules 
of G. The modular decomposition theorem is stated as follows. 

Theorem 5 (Gallai [HUH]). For a graph G with \V(G)\ > 2, the family U(G) 
realizes a modular partition of G . Moreover, the corresponding quotient G /11(G) 
is complete, empty or prime. 

Given a graph G with |V(G)| > 2, we denote by S(G) the family of the 
non-empty strong modules of G. As a direct consequence of the definition 
of a strong module, we obtain that the family §(G) endowed with inclusion, 
denoted by (§(G),£), is a tree called the modular decomposition tree [3J of G. 
Given M e S(G) with \M\ > 2, it follows from Proposition [3] that IT(G[M]) £ 
S(G). Furthermore, given W £ V(G) (respectively W £ V(G)), ({M e S(G) : 
M 3 VK},£) (respectively ({M e 8(G) : M ^ W},Q)) is a total order. Its 
smallest element is denoted by W\ (respectively Wf). By Proposition [3j if 
M e S(G) \ {V(G)}, then M e n(G[Mf]). 

Let G be a graph with \V(G)\ > 2. Using TheoremEJ we label S(G) \ {{«} : 
u € V(G)} by the function Xg defined as follows. For each M e S(G) with 
|M|>2, 

'■ if G[M]/IL(G[M]) is complete, 
\ G (M) = • □ if G[M]/n(G[M]) is empty, 
U if G[M]/n(G[M]) is prime. 
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In Figure [3 we depict a graph G defined on V(G) = {a 7 b} u {01,02,03} u 
{si,...,s 5 } by 

C = {01,02,03} is a clique in G, 
S = {si, . . . , S5} is a stable set in G, 
(a,S) G = (a,b) G = (b,C) G = l, 
{(a,C) G = (C,S) G = (b,S) G = 0. 

For i e {1, 2,3} and j e {1, . . . , 5}, G[{a, b, Ci, Sj}] is a path and hence is prime. 
Thus the non-trivial modules of G are the subsets M of C or of S with \M\ > 2. 
It follows that 

S(G) = {{«} : » e 7(G)} u {C, S, V(G)} 

'X G (C) = m, 
and - X G (S) = □, 

A G (V(G)) = u. 



3 Modular clique number and modular stability 
number 

Given a non-prime graph G, we are looking for a prime extension H of G. We 
have to break the non-trivial modules of G as modules of H . Precisely, given 
a non-trivial module M of G, there must exist v e F(-ff) \ V(G) such that 
v j'H M. Moreover, we have only to consider the minimal non-trivial modules 
of G under inclusion. 

Given a graph G, denote by M{G) the family of modules M of G such that 
|M| > 2, and denote by M m i n (G) the family of the minimal elements of M(G) 
under inclusion. 

Lemma 1. Let G be a graph. For every M € Ai(G) , M € Ai m i n (G) if and only 
if either \M\ = 2 or G[M] is prime. 

Proof. To begin, consider M e M. mm {G). It follows from the second assertion 
of Proposition Q] that all the modules of G[M] are trivial. Thus G[M] is prime 
if \M\ > 4. Assume that \M\ < 3. Since a graph on 3 vertices admits a non-trivial 
module, we obtain \M\ = 2. 

Conversely, consider M e M(G) such that \M\ = 2 or G[Af] is prime. Clearly 
M e A / ( m i n (G) when \M\ = 2. So assume that G[M] is prime and consider 
N e M(G) such that N c M. By the first assertion of Proposition [TJ N is a 
module of G[M]. As G[M] is prime, = M and hence M e M m i n (G). O 

Let G be a graph. Following Lemma [TJ we denote by V(G) the family of 
modules M of G such that G[M] is prime. In Figured! V(G) = 0. 

Lemma 2. Let G be a graph. For any P e V(G) and M 6 M(G), either 
Pn M = or PcM. 
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Proof. Assume that Pn M ± 0. By the first assertion of Proposition [TJ P n M 
is a module of G[P]. Since G[P] is prime, either \P n M\ = 1 or P n M = P. 
Suppose for a contradiction that |PnM| = 1. As \M\ > 2, M \ P * 0. By 
the second to last assertion of Proposition [TJ P \ M is a module of G. By the 
first assertion, P \ M would be a non-trivial module of G[P]. It follows that 
PnM=P. O 

Given a graph G, consider u * v e V(G) and v + w e V(G)) such that 
there are Mr u >v y , M{ vw y e M m - m (G) with u,v e M^ uv y and v,w e M{ vw y. 
First, assume that Mt UlV y £ P(G). By Lemma [3J Afr U)t) } £ Mr^j and hence 
M { „ it) } = M{ v<w y because M{ v>w y e M min (G). Similarly M{ UjV y = M[ v<w y when 
M{v,w} 6 'P(G). Second, assume that IM/^^J = IM/^^}! = 2, that is, Mt UiV y = 
{u,v} and M{ VtW y = {v,w}. By interchanging G and G, assume that is a 

stable set in G. We obtain (u,{v,w})g = and hence (w,{u,v})g = 0. Thus 
{u,v,w} is a stable set in G. Furthermore is a module of G by the 

fourth assertion of Proposition [TJ Since {u,v,w} is a stable set in G, is 
a module of G[{u, i>, «;}]. By the second assertion of Proposition [TJ {u,w} is 
a module of G. By Lemma [TJ {u,w} e .M m in(G). In both cases, there exists 
M{u,w} 6 ^min(G) such that u,w e M/ Ujl „\. Consequently, the binary relation 
«G defined on V^(G) by 



M f»G i> if 



m = v 
or 

u + v and there is Af{ Uit) \ e A / f m ; 11 (G) with u,v e M{ Mj „}, 



for any u,v e V(G), is an equivalence relation. The family of the equivalence 
classes of « G is denoted by 971(G). In FigureUJ SDT(G) = {G, S, {a}, {&}}. 

Lemma 3. Le£ G be a graph. For every C e 371(G) such that \C\ > 2, one and 
only one of the following holds 

• CeV(G), 

• C is a maximal module of G under inclusion among the modules of G 
which are cliques in G, 

• C is a maximal module of G under inclusion among the modules of G 
which are stable sets in G. 

Proof. Consider G e 371(G) such that \C\ > 2. Clearly G satisfies at most one of 
the three assertions above. For any u* v e G, there is Mr u>v y e A4 m i n (G) such 
that u,v € M{ u v y. By Lemma [TJ either |M/ U)l) }| = 2 or M^ u v y e P(G). 

First, assume that there are u + v e C such that M{ u>v y e V(G). Let 
w e C \ {u,v}. By Lemma [2j Mi UiV y £ Mr u>w y and hence Mr u>v y = M[ u<w y 
because M {u ^ w} e M min (G). Thus G = M {u>v} e V(G). 

Second, assume that Mt u>v y = {u,v} for any u * v e C. Given u + v e C, 
assume that {u,v} is a stable set in G by interchanging G and G. As observed 
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above, {u,v, w} is a module of G and a stable set in G for every w e C \ {u,v}. 
Therefore C is a stable set in G and it follows from the fourth assertion of 
Proposition [T] that C is a module of G. Furthermore consider u e C and x € 
V^(G) \ C. Since it ^g x, {u,x} is not a module of G and hence there is 
y e V(G) \ {u,x} such that y /g If 2/ ^ G, then y / G Gu {x} and Cu{i} 

is no longer a module of G. If y e G, then (y,x)o = 1 because (y,u)c = 0. Thus 
G u {a;} is no longer a stable set in G. Consequently G is a maximal module of 
G among the modules of G which are stable sets in G. O 

Let G be a graph. Following Lemma [3j denote by C(G) the family of the 
maximal elements of M.(G) under inclusion among the elements of Ai(G) which 
are cliques in G, and denote by 5(G) the family of the maximal elements of 
M.{G) under inclusion among the elements of M{G) which are stable sets in 
G. In Figurc[TJ C(G) = {G} and 5(G) = {S}. The next is a simple consequence 
of Lemma [3] 

Corollary 1. For a graph G, {C e 971(G) : |G| > 2} = C(G) u 5(G) u V(G) . 

Proof . By Lemma [3J 

{G e 971(G) : \C\ > 2} g C(G) u 5(G) u P(G) . 

For the opposite inclusion, consider G e C(G) U 5(G) u V(G). First, assume 
that G e C(G) u 5(G). By interchanging G and G, assume that G is a clique 
of G. For any c * d e G, {c, d} is a module of G[G]. By the second assertion 
of Proposition rfj {c, d} is a module of G. Thus {c, d} e M m i n (G) and hence 
c r<g d. Therefore there is D e 971(G) such that D 3 G. By Lemma [3j £> e 
C(G) u 5(G) u V{G). If L> e V(G), then D = C because L> e 7W min (G) by 
Lemma Q] So assume that D € C(G) u 5(G). As G is a clique in G, D e C(G) 
and G = D by the maximality of G e C(G). 

Second, assume that G e V{G). By Lemma [U G € 7Vi m i n (G) and hence 
c&g d for any c + d e C. So there is D e 971(G) such that D 3 G. By Lemma |3j 
-D e C(G) u 5(G) u V{G). As G[G] is prime, G is not included in a clique or a 
stable set in G. Therefore D e V{G). By Lemma Q] £> e A / ( m i n (G) and hence 
C = D. O 

Given a graph G, set 2(G) = 9J1(G) n (C(G) u5(G) u V{G)) and 1(G) = {v e 
V(G) : {v}el(G)}. In Figure [Q 1(G) = {a,b}. 

Remark 1. Given a graph G, consider M e A4(G). There exists N e A^mh^G) 
such that N £ M. By considering ptqeN,we obtain that there exist p+ q e M 
such that p « G Q- By Corollary [lj there is G e C(G) u 5(G) u V(G) such that 
|GnM| > 2. 

Let G be a graph. If uj m (G) > 2, that is, C(G) * 0, then uj m (G) = max({|C| : 
G e C(G)}). Similarly a M (G) = max({|G| : G e 5(G)}) if a M (G) > 2. Conse- 
quently, if m(G) > 2, that is, C(G) u 5(G) * 0, then 

m(G) = max({|G| : G e C(G) u 5(G)}). 
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Given a graph G, Sabidussi [T5] introduced the following equivalence relation 
Sab G on V(G). Given u,v e V(G), u Sab G v if N G (u) = N G (v). If a M (G) > 
2, then S(G) is the family of the equivalence classes of Sab G which are not 
singletons. 

We complete the section with another equivalence relation induced by the 
modular decomposition tree. It is used by Giakoumakis and Olariu [TU] to 
construct a minimal prime extension of a graph. Given a graph G, consider the 
equivalence relation defined on V(G) by: given v,w e V(G), v <-> G w if 
{w}f= . The set of the equivalence classes of <-^g is denoted by &(G). In 
FigureHJ e(G) = {C,S,{a,b}}. 

Precisely, to construct a minimal prime extension of a graph G, Giakoumakis 
and Olariu TU\ use only the elements of &(G) n ftA(G). The remainder of the 
section is mainly devoted to the study of 6(G) n A4(G) (see Proposition [5]). 

Lemma 4. Let G be a graph. 

1. Let M e §(G) with \M\ > 2. If {N e U(G[M]) : \N\ = 1} * 0, then 
{m e M : {m} 6 n(G[M])} e 6(G). 

2. Lei G e 6(G) ioita |G| > 2. For e^ery c e C, Gf= {c}f and G = {c e Gf: 
{c}en(G[Gt])}. 

5. For eacft M e §(G) wrf/i |M| > 2, there is C e 6(G) n S(G) smc/i that 
\C\ > 2 and C £M. 

Proof. The first assertion follows from the definition of ++g- For the second, 
consider G e 6(G) with |G| > 2. For c, d e G, we have {c}f= {d}f . Given Co e G, 
we obtain G £ {co}f and hence GfE {co}f • As |G| > 2, we have also {cq} £ Gt and 
hence {co}f£ Gt. Thus Gf= {c}f for every c e G. It follows from the definition 
of ++g that f° r each v € V(G), v e C if and only if {w}f= Gt- Furthermore it 
follows from the second assertion of Proposition[3]that for each d e Gt, {d}f = Gt 
if and only if {d} e II(G[Gt]). Therefore G = {c e Gt: {c} e n(G[Gt])}. 

For the third assertion, consider a strong module M of G with |M| > 2. Let 
N be a minimal strong module of G under inclusion among the strong modules 
M' of G such that \M'\ > 2 and M' £ M. By the minimality of N, we obtain 
n(G[AT]) = {{n} :neN}. By the first assertion, N e 6(G). O 

Proposition 4. For a graph G, 

1. V(G) = {G e 6(G) n §(G) : A G (G) = u} ; 

2. C(G) = {G e 6(G) : |G| > 2, A G (Gf) = ■}, 

3. 5(G) = {G € 6(G) : |G| > 2, A G (Gt) = □} . 

Proof. For the first assertion, consider P e V(G). By Lemma [5J F e S(G). 
By the third assertion of Lemma HI there isGe6(G)nS(G) such that |G| > 2 
and G £ F. As F e 7W min (G) by Lemma [Q G = F. Since G[F] is prime, 
n(G[F]) = {{p} : p e F}. By the first assertion of Lemma gj F e 6(G). 
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Moreover it follows from the first assertion of Proposition[3]that G[P]/U(G[P]) 
is prime. Thus Ag(-P) = U. 

Conversely, consider G e 6(G) n S(G) such that Ag(G) = u. Clearly Cf= 
G because G e S(G). As G e 6(G), it follows from the second assertion of 
Lemma |2 that n(G[G]) = {{c} : c e G}. Furthermore we have G[G]/II(G[G]) 
is prime because Ag(G) = u. Thus G[G] is prime as well by the first assertion 
of Proposition [2j Therefore CeV(G). 

For the second assertion, consider G e C(G). Denote by G: the family of 
M e II(G[Gt]) such that M n G * 0. For each M e Q, C \ M * because 
M ^ C\. As M is a strong module of G by Proposition [31 we obtain M £ G. 
Thus |G| > 2 and G = uQ. Given M e Q, consider N e Q \ {M}. Forme M 
and n e N, {m,n} is a module of G[G] because G[G] is complete. By the 
second assertion of Proposition [TJ {m,n} is a module of G. Since M is a 
strong module of G such that m e M n {m,n} and n e {m,n} \ Af, we get 
M c and hence A/ = {m}. Thus {c} e II(G[Gt]) for each c e G. Set 

L> = {c e C\: {c} e n(G[Gt])}. We have C £ D and D e 6(G) by the first 
assertion of Lemma [TJ Moreover, by the first assertion of Proposition [TJ G 
is a module of G[Gf]. It follows from the second assertion of Proposition [2] 
that {{c} : c e G} is a module of G[Gt]/n(G[Gt]). Since {{c} : c e G} is a 
clique in G[GT]/n(G[GT]), we obtain A G (Gf) = ■. As A G (Gf) = ■ and as 
D= {ce Cf: {c} e n(G[CT])}, {{d} : d e £>} is a module of G[Gt]/n(G[Gf]) 
and a clique in G[Gt]/n(G[Gt]). Consequently D is a clique in G and D is a 
module of G[Gf] by the last assertion of Proposition^ By the second assertion 
of Proposition [TJ D is a module of G. Since G e C(G), C = D. 

Conversely, consider G e 6(G) such that |G| > 2 and Ag(G|) = ■ By the 
second assertion of LemmaHl G = {c e Cf: {c} e n(G[Gf])}. Since A G (Gt) = ■, 
G is a clique in G and, as above for D, it follows from Propositions [JJ and [5] 
that G is a module of G. Thus there is D € C(G) such that C £ D. As already 
proved, D e 6(G) and hence G = D. 

The third assertion follows from the second by interchanging G and G. O 

It follows from Proposition [4] that 
Corollary 2. For a graph G, 

u M (G) = max({|G| : G e 6(G), |G| > 2, A G (Ct) = ■}) > 2, 

a^(G) = max({|G| : G e 6(G), |G| > 2, A G (Gf) = □}) if a M {G) > 2. 

The next is a simple consequence of Corollary [JJ and Proposition [TJ 

Corollary 3. Let G be a graph. 

1. {C e 2R(G) : |G| > 2} c {C e 6(G) : |G| > 2}. 

Gwen G e 6(G) with \C\ > 2, 

C i M(G) if and only if C * C\ and A G (Gt) = u. 
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3. Let C e 6(G) s 971(G) with \C\>2. For each c e C, {c} e 971(G) s 6(G) . 

4. 1(G) = {v e V(G) : {v} e 6(G)} u (U C66(G ), m(G ){{c} : c e G}). 

Remark 2. The second assertion of Corollary [3] easily provides graphs G such 
that 6(G) x 971(G) * 0. For instance, {a, b} e 6(G) s 971(G) in Figure[Q 

Consider a prime graph Go- Given a j. V(Gq) and u e V(Go), consider a 
1-extension G of Go to V(Gq) u {a} such that {u,a} is a module of G, that is, 
a € Xg(w) where X = V(Gq). Clearly {u, a} is the single non-trivial module of 
G. Consequently 

971(G) = {{u,a}} u {{v} : v e V(G ) s {u}}, 
S(G) = {{«} : v e V(G)} u {{u,a},V^(G)}. 

Since §(G) = {{«} : « e V(G)} u {{w, a}, V(G)}, we get 

6(G) = {{u,a},y(G )vH}. 

Thus V(G ) \ {u} e 6(G) x 97t(G). 

The following summarizes our comparison between 971(G) and 6(G) for a 
graph G. 

Proposition 5. For a graph G, 

6(G) n M(G) = {C e 971(G) : |G| > 2} 
= C(G)uS(G)uV(G). 

Proof. By Corollary [fl {G e 971(G) : \C\ > 2} = C(G) u S(G) u P(G). Further- 
more, it follows from Proposition 1 that C(G) u 5(G) u P(G) c 6(G)nM(G). 
So consider G e 6(G) n M{G). If A G (Gt) = ■ or □, then G e C(G) u 5(G) 
by the last two assertions of Proposition @] Thus assume that Ac(Gt) = u, 
that is, G[G f]/n(G[G t]) is prime. By the second assertion of Lemma SI 
G = {c e Cf. {c} e n(G[Gt])}. Since G is a module of G, G is a module 
of G[Gt] by the first assertion of Proposition [TJ Therefore {{c} : c € G} is 
a module of G[Gt]/n(G[Gf]) by the second assertion of Proposition^ As 
G[GT]/n(G[GT]) is prime, {{c} : c e C} = n(G[GT]). Consequently, C = C\ 
and hence G e V{G) by the first assertion of Proposition 2J O 

Given a non-primitive and connected graph G, Giakoumakis and Olariu [101 
Theorem 3.9] construct a minimal prime extension of G by adding |G|-1 vertices 
for each G e C(G) u 5(G) and one vertex for each element of V{G). 

4 Some prime extensions 

We use the next corollary to prove Theorem 
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Lemma 5. Let S and S' be disjoint sets such that \S'\ = [log 2 (|5| + 1)] > 2, that 
is, 1 < 2l s 'l _1 < |5| < 2l 5 'L Consider any graph G defined on V(G) = S u S' such 
that S and S f are stable sets in G. 

1. Assume that 2' s ' _1 < \S\ < 2' s '. Then, G is prime if and only if 

the function (N G )\s is an injection from S into 2 s \ {0}; (4-1) 

2. Assume that^- 1 = \S\. Then, G is prime if and only if (|4.1[) holds and 
for any s e S and s' e S' , 

if d G (s) = dc(s') = 1, then (s, s')g = 0. 

Proof. First, if there is s e S such that N G (s) = 0, then s e Iso(G) and hence 
V(G) \ {s} is a non-trivial module of G. Second, if there are s t e S such 
that Ng(s) = Nc(t), then {s,t} is a non-trivial module of G. Third, if there 
are s e S and s' e S' such that Nq(s) = {s'} and Ng(s') = {s}, then {s, s'} is a 
non-trivial module of G. 

Conversely, assume that (|4.1I) holds. Consider a module M of G such that 
|M| > 2. We have to show that M = V(G). As (N G ) ts is injective, M $ S, that 
is, MnS' *0. 

For a first contradiction, suppose that M £ S'. Recall that for each s e S, 
either Mn Ng(s) = or M £ Ng(s). Given m e M, consider the function 
f:S-^ 2« s ' sM ) u ^ m » \ {0} defined by 

f(s) = \ N G( s ) if MnN G (s) = 0, 
I{S) [N G (s)u{m} if MqNg(s), 

for every s € S. Since (Nc)fs is injective, / is also and we would obtain that 
\S\ < 2I 5 '!- 1 . It follows that Mn S * 0. 

For a second contradiction, suppose that S' \ M + 0. We have (S n M, S' \ 
M) G = (S' n M, S*' x M) G = 0. If 5 E M, then (5, 5' \ M) G = so that (N G ) t s 
would be an injection from S into 2 s nM \ {0} which contradicts |5| > 2^ s I -1 . 
Thus S \ M * 0. We obtain (5 v M, S' n M) G = (S 1 \ Af, S 1 n M) G = 0. As 
(5nM, S' v M) G = 0, (N G ) f (SnM) : <5 n M — ► 2 s ' nM \ {0} and hence \S n M| < 
2 |S'nM| _ L Since ( S \ m, S' n M) G = 0, (N G ) r (svAf) ■ S \ M — ► 2 s ' xM s {0} 
and hence \S \ M| < 2l s ' vM l - 1. Therefore |5| < 2l s ' nM l + 2l s ' xM l - 2 < 21 s '!- 1 . 
As \S\ > 2\ s '\-\ we obtain \S\ = 2\ s '\- 1 and 2l s ' nM l + 2l s ' vM l = 2 + 21 s '!- 1 so 
that min(|S" n M\ , \S' \ M|) = 1. For instance, assume that |S" n M | = 1. Since 
|5nM| < 2l s ' nM l - 1, |5nM| = 1. There exist s e S and s' e 5' such that 
M = {s,s'}. By what precedes, (s,S'\{s'}) G = (s',S\{s}) G = 0. As N G (s) * 0, 
we would obtain N G (s) = {s'}, N G (s') = {s} and (s,s') G = 1. It follows that 
S'cM. 

Lastly, suppose that S s M + 0. For each s e S x M ± 0, we would have 
(s,S")g = (s,SnM) G = and hence N G {s) = 0. It follows that S £ M and 
M = S u S". O 
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Corollary 4. Let S and S' be disjoint sets such that \S\ > 3 and \S'\ = [log 2 (|5| + 
1)]. There exists a prime graph G defined on V(G) = Su 5" and satisfying 

• S and S' are stable sets in G; 

• {Nq)\s '■ S — ► 2 s \ {0} is infective; 

• there exists an injection (ps> '■ S' — ► S such that Ng(<PS'( s ')) = S' \ {s 1 } 
for each s' e S' . 



Figure 2: Corollary [4] when S = {si, . . . , S5}, S' = {s[, s' 2 ,s' 3 } with <ps'(s[) = s 5 , 
<p S '(s' 2 ) = s 4 and ips'(s' 3 ) = s 3 . 

Proof. (See Figure H) As \S'\ = \k,g 2 (\S\ + 1)"|, we have 21 s '!- 1 < \S\ < 2^ and 
hence \S'\ < \S\. Thus there exists a bijection ips' from S' onto S" £ S. Consider 
the injection f s » : S" — >■ 2 s " \ {0} defined by s" ^ S" \ {(^S') _1 ( s ")}- Let /<? 
be any injection from S into 2 s \ {0} such that (/g) fg» = /g". Lastly, consider 
the graph G defined on V(G) = SuS' such that S and 5" are stable sets in G and 
(A^Ors = fs- Before applying Lemma[5J assume that \S\ = 2' s I -1 . Since |5| > 3, 
\S'\ > 3. For each s' e S', there are t' + u' e S' \ {s'}. We obtain N G (tp S '(t')) = 
S"n{*'} andiV G (?MO) = Therefore s' e N G (ijjs'(t'))nN G (i)s'(u')). 

It follows that dc(s') > 2 for every s' e 5'. By LemmaEJ G is prime. O 

We use the following two results to prove Theorem [2] when V(G) + 0. Given 
a graph G, consider X £ V(G) such that G[X] is prime. We utilize the following 
subsets of V(G) \ X (for instance, see [U Lemma 5.1]) 

• Extc(X) is the set of v e V(G) \ X such that G[X u {v}] is prime; 

• {X)g is the set of v e F(G) \ X such that X is a module of G[X u {u}]; 

• for u 6 A", Xg(u) is the set of v e V(G) \ X such that {u,x} is a module 



S 








of G[Iu{»}]. 
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The family {Ext G (X),{X) G } u {X G (u) : u e X} is denoted by p G [x]- The 
next lemma follows from Proposition [TJ 

Lemma 6. Given a graph G, consider X £ 7(G) such that G[X] is prime. 
The family p G [x] * s a partition of V(G) \ X. Moreover, for each module M of 
G, one and only one of the following holds 

• X c M and V{G) v M c (X) G ; 

• there is a unique u e X such that M n X = {u} and M \ {u} £ X G (u); 

• M n X = and M is included in an element of Pa\x~\ ■ Moreover, for 
V, w 6 M, the function X u {v} — ► X u {w} , defined by v \-y w and u >->■ u 
for u e X , is an isomorphism from G[X u {v}] onto G[X u {w}]. 

Lemma 7. Let G be a prime graph. For every a 7(G) 7 there are 

2 l 1/ (G)l_ 2 |i/(G)|-2 
distinct prime 1-extensions of G to 7(G) u {a}. 

Proof. Consider any graph H defined on V(H) = V(G) u {a} such that 
H[V(G)] = G and 

N H (a) e 2 y(G) x ({0, V(G)} u {N G (v) : v 6 7(G)} U {7V G (v) u{d}:« 7(G)}). 

We verify that H is prime. Set X = V(G). We have -ff[A] = G is prime. If 
ae{X) H , then N H (a) = or 7(G). Thus a $ (X) H . If there isveV(G) such 
that a e X H (v), then N H (a) = N G (v) or N G (v) u {u}. Therefore a ^ -Xjj(i;) 
for every u e 7(G). It follows from Lemma |5] that a e Extn(X), that is, iJ 
is prime. Consequently the number of prime 1-extensions of G to V(G) u {a} 
equals 

|2 V(G) \ ({0, 7(G)} u {N G (v) : « e 7(G)} u {N G (v) u{v}:ve 7(G)})|. 

Clearly i {N G (v) u {v} : v e 7(G)}, 7(G) ^ {iV G (t;) : u e 7(G)} and 
{7V G (v) : v e 7(G)} n {iV G (v) u {v} : v e 7(G)} = 0. Moreover, if there is 
v e 7(G) such that 7V G (u) = or 7(G) \ {«}, then 7(G) \ {v} would be a 
non-trivial module of G. If there are v + w e 7(G) such that N G (v) = N G (w) or 
iV G (v)u{v} = N G (w)u{w}, then {«, u;} would be a non-trivial module of G. As 
G is prime, 7(G) ^ {iV G (v)u{u} : w e 7(G)}, ^ {iV G (w) : v e 7(G)} and for v * 
w € 7(G), we have N G (v) * N G {w) and N G (v) u {«} * N G (w) u {w}. Therefore 
|2 V ( G ) x ({0,7(G)} u {7V G (v) : v e 7(G)} u {N G (v) u {v} : v e 7(G)})| = 
2 l^(G)l_2|7(G)|-2. o 
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Figure 3: Theorem [5] for the graph depicted in Figure [TJ 



5 Proofs of Theorems [2] and [3] 

Proof of Theorem^ Consider a graph G such that ]m(G)| > 2. To begin, 
we show that p(G) > \\og 2 (m(G))]. By interchanging G and G, assume that 
there exists 5 € S(G) with |S| = m(G). Given an integer p < log 2 (m(G)), 
consider any p-extension H of G. We must prove that H is not prime. We 
have 2l y ( ff ) vy ( G >l < |S| so that the function S — ► 2 l/(H)vy(G) , defined by s ^ 
Nh(s) n (V(H) \ V^(G)), is not injective. Thus there are s + t e S such that 
N H (s)n(V(H) \V(G)) = N H (t)n(V(H) \V(G)). In other words, v ~ H {s,t} 
for every v e V"(i?) \ V(G). As S 1 is a module of G, we have v ~q { s ,t}, 
that is, v ~h { s ,t} f° r every v e ^(G) \ S. Since 5 is a stable set in G, 
(u, s)^f = (v, s)q = (v, t)o = (v, t)H- Therefore {s, t} is a module of H and H is 
not prime. 

To prove that p(G) < [log 2 (m(G) + 1)], we must construct a prime [log 2 ( 
m(G) + l)]-extension H of G. Let S' be a set such that S' n V(G) = and 
\S'\ = [log 2 (m(G) + I)]. Let s[ e S'. Consider S a e C(G) u S(G) such that 
|5 | = m(G), that is, 21 s '!- 1 < \S \ < 2\ s '\. By interchan ging G and G, we can 
assume that So is a clique or a stable set in G. (In Figure [3l m(G) = 5, 
So = S = {*!, ...,s 5 }e 5(G) and 5' = K,4,4}-) 

We consider any graph defined on V(G) uS' and satisfying the following. 

1. S' is a stable set in H . 

2. The subgraph H [Sq u S'] of H is defined as follows 

• Assume that |5o| = 2. We require that the subgraph -ff [So u S'] of H 
is a path on 4 vertices and So is a clique in H[So u S']. Thus 

dif[S uS'](s') = 1 for each a' e S'. (5.1) 
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• Assume that |So| > 3. By CorollarylH we can consider for H[SquS'] 
a prime graph defined on Sq u S' such that 

So is a stable set in -ff [So u S']; 

(N H [s uS'])\S : S — ► 2 s ' \ {0} is injective; 2 ^ 
there exists an injection ips 1 '■ S' — > So with 

N H[SouS >](<PS'( s')) = S' x {s'} for each s' e S'. 

(In Figure [3l the subgraph H[Sq u S'] is also depicted in Figure [2]) 
Set X = So u 5'. In both cases, if [X] is prime. 

3. Let G e C(G) s {S }. We have |C*| < 2l s 'L We consider for H[C u S'] a 
graph such that G is a clique in H[C u S'] and 



f c :C — 2 s 

ci — ► A^r[cuS'](c) nS 



; > is an injection from C into 2 s \ {S'}. (5.3) 



(In Figure|31 we have G = {01,02,03} eC(G) and fc is defined by 
c i ^ c 2 ^ {s 3 }, c 3 h- 0.) 

4. Let 5 e 5(G) \ {S }. We have |S| < 2l s 'L We consider for H [S u S'] a 
graph such that S is a stable set in H [S u £"] and 



/s : 5 — 2 s 

s 1 — ► N H [ S uS'](s)j 



is an injection from S into 2 s \ {0}. (5.4) 



5. Let P € V(G). As G[P] is prime, it follows from Lemma [7] that G[P] 
admits a prime 1-extension. We consider for H[Pu S'] a graph such that 

[H[P] = G[P] is prime, 

1 Extjif[p U 5/](P) = S' by using Lemma [7] 

6. Let v e 1(G). Since So is a module of G such that u £ So, there is i € {0, 1} 
such that (v, So)g = i- We consider for H [{v} u S'] a graph such that 

( v ,s'i)H[{v}us>]*i- (5-6) 
(In Figure El we have So = S and 1(G) = {a, 6} with 

J (a, S) G = 1 and (a, Sj.)i?[{a}uS'] = 0, 
\ (b, S)g = and (6, si) ff [{ b }us'] = 1-) 
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In the construction above, we have H[N] = G[N] for each TV 6 971(G). Thus we 
can also assume that H[V(G)] = G. 

We begin with the following observation. For every module M of H such 
that \M\ > 2, we have M n S' + 0. Otherwise suppose that M £ V(G). By 
the first assertion of Proposition [TJ M e J\4(G). By Remark [TJ there is C e 
C(G)uS(G)uV(G) such that |CnM| > 2. As M is a module of if, it follows from 
the first assertion of Proposition [TJ that CnM is a module of H [C u S']. Since 
H[S uS'] is prime, C * S* . If C e (C(G)u«S(G))x{S* }, then (/ c ) f{CnM) would 
be constant which contradicts (I5.3[) and (|5.4|l . Lastly, suppose that G e V(G). 
As CnM is a module of H[C] = G[G] by the first assertion of Proposition [TJ it 
follows from LemmaHJthat CnM = C. Thus G would be a module of H[CuS'] 
so that (C)h[CuS'] = S' which contradicts (|5.5[) and Lemma [6] Consequently, 
M n S' * for every module M of H such that \M\ > 2. 

Now, we prove that if is prime. Consider a module M of H such that 
|M| > 2. We have to show that M = V(H). As observed above, M n S" * 0. By 
Lemmas either there is s' e S" such that M n X = {s'} or X c M. 

For a contradiction, suppose that there is s' £ S" such that M n X = {s'}. 
By the first assertion of Proposition [TJ M \ {s'} is a module of G. By the last 
assertion of Proposition[TJ there is i e {0, 1} such that (M \ {s'}, Sq)g = i- Thus 
(s', Sq) h[s uS'] = i- Since S' is a stable set in H [SqVS'], we have d H ^g guS ^(s') = 
or dff[s uS']( s ') > 2 so that (|5.ip does not hold. Therefore \Sq\ > 3. Let 
f 6 5' s {«'}. By (EH), (^s'(s'), S %[5„uS'] = and (^(f )»*')h[S uS'] = 1 
which contradicts (s' , Sq) h[s uS'] = It follows that X £ M. 

First, consider G e C(G) \ {^o}. Suppose for a contradiction that CnM = 0. 
Thus GnS*o = and it follows from the last assertion of Proposition[TJthat there 
is i e {0, 1} such that (G, S ) G = %■ As G n M = 0, wc obtain (G, M)h = i In 
particular (C, S') mcuS'] = * an( i /c would be constant which contradicts (|5.3[) . 
Therefore C nM + 0. Suppose for a contradiction that G \ M + and consider 
c e G \ M. Since G is a clique of G, (c, G n M)g = 1- Hence (c,M)h = 1 and 
in particular (c, S') H rcuS'] = 1 which contradicts /c(c) * 5'. It follows that 
G c M. Similarly S £ M for every S e 5(G) \ {^o}. 

Second, consider P e P(G). By the first assertion of Proposition[TJ MnV(G) 
is a module of G. As M n V(G) 3 So, it follows from Lemma [5] that either 
(M n V(G)) n P = or P £ M n F(G). Suppose for a contradiction that 
(M n y(G)) n P = 0. By the last assertion of Proposition [TJ there is i e {0, 1} 
such that (P, S ) G = i- As S £ M and MnP = 0, wc obtain (P, M) H = i. Thus 
(P,S')h = i and hence (P)h[PuS'] = S' which contradicts (|5.5[) and Lemma[6j 
It follows that PqM. 

Lastly, it follows from flOJ} that /(G) £ M. Consequently, M = V(H). O 

Corollary 5. For every graph G such that |m(G)| > 2, i/log 2 (m(G)) is not an 
integer, then p(G) = [log 2 (m(G))]. 

Proof . It suffices to apply Theorem [2] after recalling that [log 2 (r7i(G))] = 
[log 2 (m(G) + 1)] if and only if log 2 (m(G)) is not an integer. O 

Before showing Theorem [3j we observe 
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Lemma 8. Given a graph G, iflso(G) + <Z> or Iso(G) * 0, then 

P (G) > [log 2 (max(|Iso(G)|, |Iso(G)|) + 1)]. 

Proof . Let G be a graph such that max(|Iso(G)|, |Iso(G)|) > 0. By interchanging 
G and G, assume that Iso(G) + 0. Given p < [log 2 (|Iso(G)| + 1)], consider any 
p-extension H of G. We have 2^^^^ < |Iso(G)| and we verify that H is 
not prime. 

For each u e Iso(G), we have N H (u) £ V(H) \ V(G). Thus (N H ) tIso(G) is a 
function from Iso(G) in 2 V ( H ^ V ( G \ As previously observed, if (Nh ) fi so (G) i s 
not injective, then {u, v} is a non-trivial module of H for u + v e Iso(G) such that 
N H (u) = N H (v). So assume that (iVff ) tIso(G ) is injective. As 2 |y(H)xy(G)l < 
|Iso(G)|, we obtain that (Nh)\i so (g) is bijective. Thus there is u e Iso(G) such 
that Nh(u) = 0, that is, u e lso(H). Therefore H is not prime. It follows that 
P (G) > [log 2 (max(|Iso(G)|, |Iso(G)|) + 1)1. O 

We prove Theorem [3] when m(G) = 2. 

Proposition 6. For every graph G such that m(G) = 2, 

p(G) = 2 if and only if |Iso(G)| = 2 or |Iso(G)| = 2. 

Proofs By Theorem H p(G) = 1 or 2. To begin, assume that |Iso(G)| = 2 or 
|Iso(G)| = 2. By Lemma [U p(G) > 2 and hence p(G) = 2. Conversely, assume 
that p(G) = 2. Let a { V(G). As m(G) = 2, \C\ = 2 for each G e C(G) u S(G). 
Let Go e C(G) u 5(G). We consider any graph H defined on V(G) u {a} and 
satisfying the following. 

1. For each C eC(G)uS(G), a{ H C. 

2. Let P € V{G). We have G[P] is prime. Using Lemma [71 we consider for 
H[P u {a}] a prime 1-extension of G[P] to P u {a}. 

3. Let v € /(G). There is i e {0,1} such that (v,Co)g = *• We require that 
(v,a) H * i- 

4. H[V(G)] = G. 

Since p(G) = 2, H admits a non-trivial module M. First, we verify that a e M . 
Otherwise M is a module of G. By Remark[Q there is G e C(G) u S{G) u T'(G) 
such that |G n M | > 2. Suppose that G e C(G) u 5(G) . As |G| = 2, G c M which 
contradicts a G. Suppose that G e V(G). By Lemma [U G n M = C. Thus 
G would be a module of H[Cli {a}] which contradicts the fact that H[Cu {a}] 
is prime. It follows that a e M. 

Second, we show that P £ M for each P e P(G). Since H[Pu {a}] is prime 
and since In (Pu {a}) is a module of H[Pu {a}] with a e Mn (Pu {a}), we 
obtain either (M \ {a}) n P = or P £ M \ {a}. In the first instance, there is 
i € {0, 1} such that (M \ {a},P)c = i- Therefore (a, P)h = i which contradicts 
the fact that H[P u {a}] is prime. It follows that P £ M. 
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Third, we proof that C n M * for each C e C(G) u S(G). Otherwise 
consider G e C(G) u <S(G) such that C n M = 0. There is i e {0, 1} such that 
(M, C)g = i. Thus (a, C)h = i which contradicts a C. 

In particular we have Con M + 0. Let v e 1(G). Since (v,Co(~\M)g + (v, Q.)h, 
we obtain v e M. 

To conclude, consider v e V(i?) \ M. By what precedes, there is C e C(G) u 
<S(G) such that v e C. By interchanging G and G, assume that G e S(G). 
Since u ~# M and (u, C n M)g = 0, we obtain (v,M)h = 0. In particular 
(v,I(G)) G = and (v,P)q = for every P e P(G). Let £> e (C(G)uS(G))\{C}. 
As D n M + 0, we have (v, D n M)g = and hence (v, D)g = because D is a 
module of G. It follows that v e Iso(G). Therefore (G, V(G) \ C)g = because 
G is a module of G. Since G is a stable set in G, we obtain G £ Iso(G). Clearly 
Iso(G) is a module of G and a stable set in G. Thus |Iso(G)| < m(G) = 2. 
Consequently G = Iso(G). O 

We use the following notation in the proof of Theorem [31 Given a graph G 
such that m(G) > 3, set 

C max (G) = {CeC(G):|C| = m(G)}, 
S max (G) = {SeS(G):\S\ = m(G)}. 

Proof of Theorem^ Consider a graph G such that m(G) = 2 k where k > 1. 
By Theorem p(G) = k or fc + 1. To begin, assume that ]Iso(G)| = 2 k or 
|Iso(G)| = 2 k . By LemmaH p(G) > k + 1 and hence p(G) = fc + 1. 

Conversely, assume that p(G) = k + 1. If fc = 1, then it suffices to apply 
Proposition^ So assume that fc > 2. With each G e C max (G)u l S max (G) associate 
w c e G. Set VP = {wc : G e C max (G) u «S max (G)} and G' = G[V(G) \ W]. 

We prove that m(G') = 2 fc - 1. Given G e C max (G) u 5 max (G), G \ {w c } is 
a module of G' and G \ {it;c} is a clique or a stable set in G'. Thus 2 k - 1 = 
|G x {w c }| < m(G'). Consider C e C max (G') u «S max (G'). We show that C 
is a module of G. We have to verify that for each G 6 C max (G) u iS max (G), 
t«c ~G G'. First, asume that there is c € (G \ {t«c}) N C . We have c ~g G'. 
Furthermore {c,wc} is a module of G. Thus i«c ~g G'. Second, assume that 
G \ {wc} E G'. Clearly u>c ~g G' when C E G \ {roc}- Otherwise assume 
that C \ (C s {wc}) + 0- By interchanging G' and G', assume that G' is a 
clique in G'. As G \ {roc} £ G' and |G \ {wc}| ^ 2, we obtain that G is a clique 
in G. Since (G s {wc},G' \ G)g = 1 and since G is a module of G, we have 
(wc,C s G)g = 1. Furthermore (wc,C \ {wc})g = 1 because G is a clique 
in G. Therefore (wc,C')g = 1- Consequently G' is a module of G. As G' is 
a clique or a stable set in G, there is G € C(G) u <S(G) such that G 3 G'. If 
G I C max (G) u5 max (G), then |G'| < |G| < m(G). If G e C max (G) u <S max (G), 
then C" E G \ {wc} and hence |G'| < |G| = m(G). In both cases, we have 
|G'| = m(G') < m(G). It follows that m(G') = 2 fc - 1. 

By Corollary [5j p(G') = k and hence there exists a prime fc-extension H' 
of G'. We extend H' to P(iJ') u VF as follows. Let G e C max (G) u 5 max (G). 
Consider the function f c -C\ {w c } 2 y ( H '^ y ( G ') defined by c ^ iV ff /(c) \ 
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V(G') for c e G \ {wc}- Since i?' is prime, /c is injective. As |G \ {well = 
2 fc - 1 and |2 y (^')^(G')| = 2 fe , there is a unique N c £ F(il') s U(G') such that 
/c(c) # for every ceC \ {ijjc}- Let H be the extension of H to V(-ff') u TU 
such that N H (w c ) n (V(F') s V(G')) = for each C* e C max (G) u 5 max (G). 

As p(G) = fc+1, -ff is not prime. So consider a non-trivial module M of H . Set 
A = V(H'). We have -ff[A] is prime. Given u e A, we verify that A#(w) = 0. 
Otherwise there is C e C max (G) u5 max (G) such that wc e Ajj(tt). If w e V(G'), 
then {w, is a module of G. Therefore there is I? € C(G) u 5(G) such that 
{u,«7c} E D, Necessarily D = C and we would obtain fc(u) = Nc- So suppose 
that u e V(H') \ F(G'). There is i e {0,1} such that (w c ,C \ {w c })g = i- 
Thus (u,C v {^c})h' = Since /c is injective, the function gc '■ C \ {wc} — ► 
2 ((nH')^(G'))s{«}) ) defined by gc ( c ) = / c (c) \ {m} for c e C\{id c }, is injective 
as well. We would obtain 2 k - 1 < 2 fc_1 which does not hold when k > 2. It 
follows that Xh(u) = for each u e X. By Lemma [SJ either M n A = or 
A £ M. In the first instance, M <^W and M is a module of G which contradicts 
Remark [T] Consequently A £ M. As M is a non-trivial module of H, there 
exists G e C max (G) u <S max (G) such that wc £ M. By interchanging G and G, 
assume that G is a stable set in G. We have (wc,C \ {i«c})g = so that 
( Wc ,Af) H = and ( Wc ,^(G'))g = 0. Given D e (C max (G) u «S max (G)) s {G}, 
we obtain (wc,D \ {wd})g = 0. Since D is a module of G, {wc,wd)g = 0. 
It follows that wc e Iso(G). As at the end of the proof of Proposition El we 
conclude by G = Iso(G). O 

Lastly, we examine the graphs G such that m(G) = 1. For these, C(G) = 
5(G) = 0. Thus either \V(G)\ < 1 or \V(G)\ > 4 and G is not prime. 

Proposition 7. For every non-prime graph G such that \V(G) \ > 4 and m(G) = 
1, we have p(G) = 1. 

Proof. Since m(G) = 1, we have C(G) = 5(G) = 0. By Corollary CQ M(G) = 
V(G)ul(G). By considering V(G) e 7W(G), it follows from Remark Q] that 
there is P eV(G). 

Let a ^ V(G) . We consider any graph H defined on V(G)u{a} and satisfying 
the following. 

1. Let P e V(G). We have G[P] is prime. Using Lemma[7l we consider for 
H[Pu {a}] a prime graph such that H[P] = G[P]. 

Set A = P u {a}. We have if [A] is prime. 

2. Let u e 1(G). Since Po is a module of G such that v Pq, there is i € {0, 1} 
such that (v,P )c = *• We consider for i?[{w,a}] the graph such that 
(v,a) H[ [ Viayi * i. 

In the construction above, we have H[N] = G[N] for each N 6 971(G). Thus we 
can also assume that H[V(G)] = G. As in the proof of Theorem [5J we verify 
the following. For every module M of H such that \M\ > 2, we have a € M. 

Now, we prove that H is prime. Consider a module M of H such that \M\ > 2. 
By what precedes, a e M and it follows from Lemma[6]that either MnX = {a} 
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or X c M. In the first instance, there is i e {0, 1} such that (pj, M \ {a})c = 
1. Thus (Po,a)n = 1 which contradicts the fact that H[Pq u {a}] is prime. 
It follows that X £ M . We conclude as in the proof of Theorem [5] Since 
(v,Pq)g * (v,a)n for every v e 1(G), we have 1(G) c M. Lastly, consider 
P e V(G) \ {Po}- As PT[Pu {a}] is prime, it follows from Proposition Q] that 
either (M \ {a}) nP = or P £ M \ {a}. In the first instance, there is i e {0, 1} 
such that (P,Pq)g = i- Therefore (P,a)n = 1 which contradicts the fact that 
P[Pu {a}] is prime. Consequently P £ M . O 
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